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ABSTRACT OS' THESIS 
ON
GENERALIZED PLANE STRESS IN AN ELASTIC "WEDGE (UNDER DISTRIBUTED
I
AMD ISOLATED LOADS)©
The thesis establishes general methods of solution for 
the stress and displacement in a wedge with distributed flank 
loadings or force or couple nuclei acting at any point•
Dull use has been made of the compactness of two-dimensional 
elasticity theory as expressed in terms of complex potentials 
and the stress combinations (f) and c jb  ©
Complete theory of the Mellin transform in its 
application to the determination of stresses and displacements 
in two-dimensional elasticity? is provided© This is adapted 
for use in close connection with the theory mentioned above#
The main part of the thesis deals with the application of the 
Mellin transform method to problems of a wedge under the 
action of various foroe and couple nuclei? with stress free 
or rigid boundaries©
Solutions are also given for certain problems involving 
body forces©
CONTENTS
I SURVEY OP PREVIOUSLY PUBLISHED WORK if-
(a) List of references £
II GENERAL THEORY OP THE METHODS EMPLOYED
(a) Two-dimensional elasticity in complex coordinates /
(b) The Mellin transform ' *2*
(i) Generalized plane stress in polar coordinates /3
(ii) Use of the Mellin transform in the elastic Hf 
wedge problem
(iii) Transformation of the stress combinations &
(iv) Transformation of the displacements
(v) The inversion formulae /7
(vi) The boundary conditions 18
III CONTINUOUS LOAD PROBLEMS
(a) Constant normal traction and shear over one flanlc
(b) Loading proportional to rn over one flank N  
(o ) Approximate solution for an elliptic loading
IV BODY PORCE PROBLEMS
(a) Wedge under its own weight
(b) Rotation about an axis through the vertex
I N T R O D U C T I O N  /
C H A P T E R
V ISOLATED EORCE AND COUPLE AT THE VERTEX
(a) Eoroe nucleus
(b) Couple nucleus
(c) Criticism of paper of reference 7
VT. ISOLATED COUPLE NUCLEUS AT z = d (real) WITH STRESS
EREE BOUNDARIES
(a) Boundary conditions
(b) Stresses
(o) Displacements
(d) Semi-infinite plate under oouple nucleus
VII ISOLATED EORCE NUCLEUS AT z = d (real) WITH STRESS 
EREE BOUNDARIES
(a) Semi-infinite plate under force nucleus
VIII ISOLATED EORCE NUCLEI AT z = de*ia WITH OTHERWISE
STRESS EREE BOUNDARIES
(a) Boundary conditions
(b) Stresses
(o) Displacements
IX ISOLATED OOUPLE NUCLEUS AT z ~ d WITH RIGID BOUNDARIES
(a) Boundary conditions
(b) Stresses
(o) Displacements
hIn this thesis solutions are set out for*various types of 
external loading of a plate in the shape of an infinite wedge0 
All the problems considered are two-dimensional in character 
and the state of generalised plane stress as defined by Nilon? 
with its well known conditions? applies throughout© The general 
approach is that developed by A©C©Stevenson in terms of complex 
potentials© Details of this approach have been published 
(refs© 1  & 2 ) but a summary of the results required in this 
thesis is included in Chapter II© The elegance dnd compa.ctness 
which is found in the use of complex potentials and the stress 
combinations© and as compared with the Airy stress function 
characterises the problems considered here© In this connection 
Chapters III and V illustrate known solutions which are here 
solved by the use of suitable complex potentials©
The main part of this thesis is the consideration of 
force and couple nuclei at points in the material of the wedge 
other than at the vertex© It does not appear possible to find 
single complex potentials which will provide the nucleus and 
at the same time keep the flanks stress free0 Veil known 
complex potentials ere however available which give a force 
or couple ecting at any point (see ref 2 p 154) and a method 
has been devised in this thesis whereby the flank stresses 
may be nullified without affecting the nucleus itself©
I N T R O D U C T I O N
It is appropriate at this point to refer to the work of 
CoJoTranter who has used the Mellin transform in the solution 
of certain boundary problems on a wedge (ref,3 )0It will be seen 
in Chapter lib that by expressing this work in complex form 
and at the same time talcing full advantage of the stress 
combinations© and cB $ that the complexity of the algebraic 
work involved is considerably reduced, in fact it-is never 
necessary at any stage to refer to any individual stress 
component * This thesis also contains details of the displacements 
which do not appear in the other publications to which reference 
is made® It is worth noting also that whereas a rather tentative 
approach is required in finding Airy stress functions suitable 
for certain problems, it is possible here to put forward a 
definite machinery for the solution of any force or couple 
nucleus et any point of the wedge* Such complete generality is 
not however attempted because it is in general preferable 
to keep to problems which have symmetry or anti-symmetry about 
the axis of the wedge and develop unsyrnmetrical problems 
by superposition*
Chapters VI to IX give details of four nucleus problems, 
which fall into two groups according to whether the nucleus 
is inside the material or on the flanks® This leads to partic­
ular difficulties in the case of a force at a point on the - 
axis due to the presence in the complex potentials of the 
elastic constant K  *
T h e  s o l u t i o n s  f o r  t h e  s t r e s s e s  a r e  u l t i m a t e l y  p r e s e n t e d
formally in terms of integrals with an infinite range?whioh 
oannot he integrated except by numerical means© This feature 
was observed by W o M ©Shepherd (ref © 4 )  in his work on a similar 
problem© It has however?been possible in the cases when the 
nuclei are inside the wedge to check the results in a special 
case when the wedge becomes a semi-infinite plate© The integrals 
can then be integrated and it is shown that the stresses 
obtained agree with the known results? as for example those 
given by Stevenson©
CHAPTER I 
SURVEY OF PREVIOUSLY PUBLISHED WORK
Very little published work appears to.be‘available on this 
subject© All the papers to which reference is made here are 
concerned with loadings of a distributed or concentrated 
nature on the flanks© No attention appears to have been given 
to nuclei in the material of the wedge© The work of Shepherd© 
Tranter and Timoshenko considers problems for whioh solutions 
are obtained satisfying the complete boundary conditions©
There is also available a series of writings in Aircraft 
Engineering? mainly by Atkin in which solutions useful to. the 
engineer are found©
Distributed Loads
(a ) C PJo Tranter (ref©3)
A formal solution is obtained for any flank loading 
consisting of a. normal traction and shear which are functions 
of the distance from the vertex© The Mellin transform is 
applied to the boundary problem expressed in polar 
co-ordinates so that it becomes the satisfaction of an 
ordinary differential equation with constant coefficients©
It is interesting to note that in presenting the final 
stresses (equn©2 2 ) the formidable nature of the algebra, 
forces the author to go part of the way towards the use 
of the stress * combinations ©  and <$? ©
I f
(b) EoAtkirx (ref*7)
The classical solutions for a force and couple nucleus 
at the vertex of the wedge (see Ch V) are used to obtain 
a value of the shear stress on the axis of the wedge for 
various flank loadings* In effect a, force and couple at 
the vertex which are statically equivalent to the actual 
loading are used* This will not in general give the same 
stress system* and in fact one stress component is 
overlooked (see Ch*V) in the special problem considered* 
However, for the wedge of small angle which is employed 
by Atkin the shear stress on the axis is numerically the 
correct value and it is for this reason, in spite of his 
method that Atkin obtains results which are fairly good® 
Wedge shaped beams of I-seotion are treated in his later 
paper (ref*8>)
(c) Pugsley and Weatherhead (ref*9 )
The problem is approached from the ’engineers’ point of 
view and certain practical conclusions are arrived At 
which do not bear on the work of this thesis*
CONCENTRATED LOADS
Wo Ml Shepherd (ref *4)
By the use of Airy stress functions in polar co-ordinates 
it has been found possible to build up solutions for 
loads perpendicular to the flanks* The tentative nature 
of the Airy stress function approach is much in evidence
in this work, particularly if one considers how to 
choose so that the loads are not necessarily perpen­
dicular to the flanks„ The author also envisages that 
the solution for a load at an internal point could be
deduced from the solutions he gives., but it is not made
clear how this would be done,
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7(a ) Two Dimensional Elasticity in Complex Co-ordinates
The following is a brief summary of results relevant 
to this thesis taken fron the work of A*C* Stevenson (refs 1&2)
If the body force/ unit mass is given in terms of a 
potential: V by
E = -grad V
the body stress equations become
d£xx-/»V) • .
S x  ' +  g y  +  S z  “  0
d x y  . 5 ( y y - ® V )  bj _
g x  g j r  1 + T z  ~  0
C H A P T E R  I I .
2 . 1
+  c > y z  +  c> Q
d x 5 y Jz '
2 * 2
Make a ohange of co-ordinates
z ~ x+iy z - x-iy
and use Z as the cartesian co-ordinate, but retain z in the
stress notation e*g* zz where no confusion will -arise *
Also V(xyZ) becomes U(zzZ)
Introducing the stress combinations
© ~ x x + y y  ;  $  =  x x  -  y y  +  2 i x y  § =  x z  +  i y z
2 *3
Equations 2*1 now become
p t  + X l ® ~  s ^ u )  + | H  =  o
C> Z d z
3 F  + - <jU) _ 0  2.4
S z  d z  +dZ 1 ~ u
pq - A + 2/+- £pep
where are components of strain? <Va = 1  if p=q
* ^  = 0  if p/q
and & = dilatation p?q = x ? y or Z
P u r t h e r  t h e  s t r e s s  s t r a i n  r e l a t i o n s
^ - 5
take the form
$  =  s  I
( i - 2 ? ) ® » * n  + 2 , | |
y  = + i
2 o 5
(l»2 ^)zz == 2/6M| + a - ? ) b v l ]a z
where u?v?w are components of displacement and D= u+iv 
a,lso J is po:i-ssons
Plane Strain.
This is defined as given by ^  - 0 w = 0 >nd a uZ - * - ---
Using these conditions and eliminating the stresses
0
2  o..6
from 2o4 & 2©5 the displacement D is given by
EM + t i - if(k"i)u] = ° k = 3-4? 2 ° 7
In this case
Q/JD  =  k tJl(  z  ) ■=» z f l {  z  ) -  t o \  z ) +  b p  ¥  
where \ = 0nc  ^xj(zs) = a n d  z ) ? o;(z)
are complex potentials
from 2©5 the stresses now become
2 ©  = c / i U )  + c i t 2 )  + ( 4 - » ) / > U
- 2 1  = z ^ " ( I )  +to"(g) -J5©|¥
*  / I? z
2 . 8
2 , 9
The solution is thus obtained formally in terms of two 
complex potentials J l ( z )  andcd(z) which will be chosen so 
that the boundary conditions of any particular problem 
are satisfied,,
Generalized Plane Stress__
Consider now a plafe-like material bounded by the planes
Z = 1 c and define a state of generalized plane stress
& U ■'p""s -j r ,= 0 i z z  -  0 everywhere $ % -  0  over 2  = 2 . 1 0
PiIon has shown that if the stresses and displacements are 
averaged over the thickness 2 c, this state of stress is 
mathematically analogous to plane strain and the equations 
2 o8 and 2.9 will hold with reference to stresses averaged 
across the thickness of the plate0 It is further necessary 
to replace Poissons Ratio ^ by a modified ratio where
( l - < r ) ( l + ^ )  =  1  ' 2  e 1 1
Transformation of Stress components
Let the axes 0x,0y be rotated through e.n 
angle a to new positions 0n,0s<, It is required to refer a 
state of stress to the new axes.
Using new stress combinations
0  =nn + s s °  ^ = n n - s s +  2 ins 2 . 1 2
where rm etc are the averaged stresses,it can be shown that 
® '  = 0  f i ' = $ e - 2 i a  2.13
In the particular oase of polar co-ordinates when a ^ @  
and n,s 3Br , 9
t o
2 -  &  Z f f 2 * 1 4
©  =  ©  , ( b  =  e ~ s 1 9 ^
so that with body force
2  ©  ~  c /£  ( z  ) +  J l  ( z  ) +  ( 4 -  X )yO j y -  2 * 1 5
~ 2 < J  =  z c / 2 / ( z )  +  | ~ .  ( J ;/( z )  -  5 /  J
Boundary conditions
Y|
1 Suppose the boundary loading to be
^  given on curve G i.e* nn + m s  is 
known say Sn + ins = «=»(¥+ iT)
Then on the boundary> x
A A nn + ins -
I ?  l  s i  ’  + a + i )  * u U >  f r j l
Thus for a boundary whioh is to be stress free, under no 
body forces
c f l {  z )  + z j l f l z )  + o ) ( z )  = constant round G 2*17
fforce and Couple Resultant of stresses along an arc®
~ (no b o dy forces)
Let X and Y be the components of
the resultant force end N the
resultant couple of the stresses
defined by the complex potentials,
T h e n
acting over the arc C 
X +iY = - < / l ( z )  + z j t [  z ) W ( * ) j f
N real part of
2 * 1 8
r 8
+  Z 10  ( z )  ^  V / J
2*19( 2 ) i
In the case of a closed curve C these results may he 
simplified so that
X + iY = -i(l« )Cy Jl(z ) 2o20
N = real part of ^i-^ w  ( z )  -  z o u \ z ) \  2 P 2 1  
Effect on the complex potentials of a change of origin
Let the origin he moved to z c, so that
z
The stresses cannot alter by this 
translation of axes and so from 2.9o
z0 + z ,
c/l'( z  ) and z  J l \  z ) + w \  z  ) canno t alter 
Denote the new complex potentials by a subscript 1  
fe, J l , ( z 4) ~ J b ( z )
u > , {  z f ) - u ) ( z )  +  z 0 J l { z )
2  o 2 2
I X
defined by ^
f(p) = | rp f(r) dr (1 )
0  Q
w h e r e p must be such that the integral converges0 Also the 
integral will be reel if p is real©
The Mellin Inversion Theorem
( t o ) T h e  M e l l i n  T r a n s f o r m
T h e  M e l l i n  t r a n s f o r m  f ( p )  o f  t h e  f u n c t i o n  f ( r )  i s
If the integral \ r^^j f (r )j dr is bounded for some
o
lc>0 9 and if f(p) is given by (l)? then
n  c + i * *  ^
'T(r) = 2 ^' \ . f(p) r“pdp (2 )
where o >k > 0  and here p is complex 
Mellin Transform of derivatives 
Integrate (l) by parts 
f(p) = j f (r ) r p  - [ f ( r )  r p dr
L p J P O
so that if we assume that
rPf(r ) as r~?-0 and as r -> 090 (5 )
we have f ^
\ rpf(r) dr = -pf(p) (4 )
Integrating again by parts
f (r ) rpt?‘ -* \ f { r ) rp+1dr
p+i <] p+r
,r, + * 1
a
•Pf ( P )
so that if r " f(r) 0  at the upper and lower limits 
(1° °  + 1  ,f\rp "f (r) dr = p(p+l) f(p) (5 )
and generally
QO
f t y r )  rP+n-l dr = (6)
J 0 r(p)
Generalized Plane stress in polar coordinates
The mean stresses rr # ©@ ? r© are given in terms of 
Airy's stress function "X , assuming no body force, by
Z r  =  I  ± 7  , 1  ^  _  S f e  w  _  . J) 1  a x  \
r4' ci#  r  2>-f » 00 -  » r ® ~ -§>  i f  i e )
where V  fi = o ( 8 )
a n d  7 > S  f e -  ( 9 )
and the mean displacements Uy- 9 U9 are given in terms 
of *X and a displacement function o|j satisfying
v * + =  o  i / r  i f )  =  v % ) (  ( i o )
ns 2/fe = ~ i~ + (l-rf')
2  tj =  -  i  Y  +  ( 1 _  s > * 1 '  ( l l )e r 2>fr' [-*-“<>) r ^
expending the bihermonio equation (8 )
1  £ T  V 7 X  —  S  ^  f e  i .  +  —  —  1
- f ’ - j e *  ~  y v l 5 5 - *  f e w -  n f e f e e 3-
writing D for it-
dO
[iff
whence ■+* = f f  't-l. + 0J * t  -  — f 1'V — »
i,-r*■) - , * ? - v v ■»+-
+  S 1 ) - p ± 2 . f r l  + a J x
i +  ^  J  ( 1 2 )
Use of Mellin Transform in the Elastic Wedge problem
We first find the differential equation satisfied by
'"'w*
the transform X of the Airy stress function X , which is 
obtained by multiplying (1 2 ) by r^ ” 1  and integrating froin 
0  to with respect to r , using
-p X(p)
\ V
0
oO
r
o
Oo
o
and we have
p - l r -rdr 
0 +
, p - l r 52  dr
7 )4  v
p - l t  ~  dr
<wJ
p - l r  —~dr 
j /
U  3  )
p ( p + 1  ) ( P + 2  ) ( p + 3 ) X
ip
D  X  +  2  \  p ( p + l )  + p + 2  \  D ^ X
+ ^ p(p+l)(p+2)(p+3) -2p(p+l)(p+2) -p(p+l) -p}X=0 
which simplifies to
D * * T  +  { p ^ '  +  ( p + 2  f ’|  D ?T  +  p 1" ( p + 2  f  X  =  0  
or (D?" + p0") { + (p+2 )7'\'X = 0 (3.4) ^ w
of which the solution is 
X = Ae1**® + Ke-ip® + Be 1© 42)® + Be - 1 © -1' 2 ) 0 (15)
since it follows from the definition of X  that it is real 
if p is real*
Prom (?) the stress combinations
0  =  r r  -r Q© =  — v  "T — , - j i
a-r  ^  D 4  V
T h e  s t r e s s  c o m b i n a t i o n s
T  1 ^  ^  ^  I E / i  , / <> X : Mb f - L  $  )<P zz Y'Y1 »  QQ 4-Oi y Q  — ■— -—* +  —— — ( .. —— I^ ir ufe ...irw „ j. ,. t>-rx- { ' \ aJ
r ’ - f ’ -  J
Multiply by rp“^ and integrate from 0 to w» with respect to 
I r^©‘ rP'=’1dr = p(p+l)^ - pX + l EX using (13)
/  ^  ^  ( - | „  A - V
or \ r’ ® rp " dr = {D" + p 5j a (16)
where from (3) it has been assumed that 
rp + 2 0  0  for r^O and
Since ©' is finite at r=0? this means
P+2X 0 or ~2< p 
If we further suppose that -  0(r"’n ) as r - » °o 
rp+2©* = 0 (rp+n~2 ) 
and this will -> 0  if p-n+ 2  < 0 ? or p < n - 2
hence -2 < p < n-S (17)
Again ff0  ^ i ^
J r <£ rp dr = | D - p  - p ( p + l ) J - X  +2 i(p+l)D/
(P f~i/
= ^D - p(p+2 ) + 2 i(p+l)D 4  
= (D + ip) + i(p+2) ]• 7  (18)
Wh e r e we assume cj*to toe of order r"n at , and (17) 
to toe satisfied.
Rewriting equns. (11) as
y/<ru.+ ~r 1;- * \ JL~ o r %i
dri"
b H  a .e )V
2 ^ 1^  =  -  —  +  ( l - < T ) r . r  f j .
T h e  D i s p l a c e m e n t s
or on writing r^ ij) = \b, these become
\  V
S ^ r l f y .  =  « r  —  +  ( l - e r j l h j ) ,
2 / j. t U& "  -  D X  +  ( 1 -  ^ ) ( r l  - 2 ) ^ ,  
where o|j, satisfies equations obtained from (1 0 )
V *  $ •  -  0  -  r r
v  t >  ~  0  s 2 A ?  d t >J  ~  v
These may be written,
( f £  Y f e ) ( r > ) + F* A  = 0
r S ( i -  S  "  ? * * . )  + D ' t ,  =  0
9
>  f e
( 1 9 )
r at- - Srfe + 4i|)( + D i|>, = 0  (20)
and A ~ - / ±  Dili )  = r > r-% + + J  V
=  +  r l £  +  D > *  ( 2 1 )
h e n c e  f r o m  ( 1 9 )
fD"’ p -  / f e  ^
2 ^ 1  rlfyr d r  = p*X + (l-<r)Dij), 
a n d  2yu- J  r U  d r  =  -D X . -  ( 1  - < r )  ( p + 2  h|),
c?
These can be expressed entirely in terms of the Mellin
A/
transform X  of the Airy stress function, since we find from
(2 0 ) that
n[ d ' v  +  ( p + 2  f "  ]  X , ~  0  ( 2 2 )
a n d  i s  r e l a t e d  t o  "X f r o m  ( 2 1 ) a s
i»rW
■"(p+l)Di{i, =  | p ( p + l )  -  p +  B J A
or - ( p + 1  )X>4>, =  +  p 5}  ^  (23)
from  th e  l e t t e r  Ity = « r. £  "X
o r  s a t i s f i e s  t h e  e q u a t i o n
p  +  1
again inverting (18) using ((2 )
^ -j. / n f r f + t - 00O'  T  7 1 P  ”  ^ r  ^  VN
r  i ~  2 rci \  ( D + i P ) l  D +  i ( p + 2 ) ] X  r”pdp
or 3>f = g+- I (D+ip) { D + 1 (p+2 )j- X r"p"‘:!dp (26)
C. + loo
2  m
(24)
and then from ( 2 2 )  ^  ^  / > J*) v
( p + 2 )  ^  =  - D ^ r  =
( P  +  1 )
hence *00 ^  v
2 j.t \ rlj^ r-P dr = p X  - ( 1  -<r) - iJL'X
7  ( p + 1 )
A PO ^
awl rU4 rp "1dr = -DX - ( 1  - g-)(D " + P )D y
( P + 1 ) (P+2)
The Inversion formulae for the stress combinations
Inverting (16) using ( 2 )
f „ ri c  +  i  ^
= dM  (D*+ p") * r~Pdp
J C  ~  L t *?
®  = 2^1 \ ' (P’+ P^) ? r'“P "2dP (25)
'■'C -  u  cc*
(\ C- L «© +  1  N 'V
~  2 i a \  ( P + 2 ) ] ^ - r ” P d P
C. -  »• ^
so that c+ 2  > lc > 0  or o > - 2
(!. - 1
T h e  I n v e r s i o n  f o r m u l a e  f o r  t h e  d i s p l a c e m e n t s
Inverting (24.) using (2) we have 
& -+ n oS i-, T L ^  mi y
$ P" ( l - * 5-)?— i - 2 . |  X r"p dp ( 2 7 )
p - +  1  j '
2ytrUe = — + f Si + (I" s .)(]L) P ). I r "Pdp
/  e  S i c l  \ I n  +  1 n + P ) i(P l)(P + 2  J ^  (28)
X  - 1
Uj. + iU„ \ (p-iD)7 (r“p "1- + p-J.-^p+2 +iDj'yr~’p",ip' - r  ' -*■“ © "LLT / L -u yv -47li/ t l-too (p+l)(p+2 )
a , 4 k l t o i p )  +  j - ? r " P " 1 d p
^ A J 1  ■ ( p + l )  ( p + 2 ) J
X * ,:(4  4 i y ,
C -  L CO
1  : f  ( i u P ) S i  +  J  x  r - p - i d p
t-t« (P+l)(P+2) J
gives the complex displacement inversion formula©
The boundary conditions
These may be conditions of displacement or of stresses©
—.*
The complex boundary stress is • ^ \
rQ + i© 0 u.
now r p r Q  + 189 ) = - t "JL /  J  + ir?' L 21
hence ^  w  ? -to-'
\  r (r©  + 109 )rp *"-dr = j  { jg  ~  ^ b i - f s  r ' cAY)"' c/
'o  °
^  n /
= ip(p+l)X + (p+1 )dX
or \ r (r© + .i9@)rp dr = (p+l)(D + ip)X (30)
a
Thus for example if the stresses were given on the wedge 
boundaries 0 - ± a  ? the boundary conditions are? writing
(p+l)(D + ip)7. = t,(p) over 9  = a
= t/p) over Q = -a
where X is given by (15)
If the displacements are given and
P ^(U^+ iUa )r^dr = d/p) over 9  = a
- A(p) over 0  = -aJb
then the displacement boundary conditions are
( 3 1 )
. J L  
2 / *
(D + i p ) ^  1  + .7  d . ( p )  over 9 =
I (p+l)(p+2 ) J 1
d(p) over 9= 
% (32)
We may of course have displacements given on one boundary 
and stresses on the other«
ZLQ
CHAPTER III 
Continuous Load Problems 
Solutions are obtained here for polynomial types of 
loading on the flanks, by the use of suitable complex 
potentials. Similar solutions are given in polar form by 
Timoshenko (ref. 6 )
Constant norma.l traction and shear on 9 = a
referring to 2.17 the boundary condition
'—* > ^may be written nn + ins = p - iq on 0 =a
= 0  on © = -a
or, in terms of the complex potentials
Jl(s) + Zc/l(i) + u > \ z )  = 4 (p • iq)z on z -
= 0  on z = ze
Consider the complex potentials
J b { z )  = Az + iBzlogz t©(z) = (C, + iCjJz^
substituting in 3 d
2Az - iBz(l»2ia) + 2(0, - iCjze” '^**0' = 4(p-iq)z
2Az - iBz(l+2 ia) + 2(0, - iCjze^a = 0
giving
2A - 2Ba + 2(0, cos2a - C^sin2a) = 4p
B + 2(0, sin2a + C^cos2a) = 4q
2A + 2Ba + 2(C; cos2 a + C^sin2 a) = 0
B - 2(0, sin2a - C^oos2a) = 0 leading to
A = p - q cot2a B = “%  .9qBgg.„+. 1x ^ 2 a cos2 a - s m 2 a „ 9
C = 9  C =  P.. + Sag....' sin2 a 2- 2 a cos2 a - sin2 a
3.1 
2 ia
Stresses
from 2^15 ^
4(09 + ir@) = 2A + iBlog| + iB + 2%(Of + iCp
2A - 2B© + iB + 2(cos2©+ isin2 $(C/ + iCj 
g(A -B9 + C,cos2© - C^ iso that ©@ = ^  sin2©)
i 3 o 3
r© = (B + 2C, sin2© + 2Ctycos29)
— g^/Z»(z) + £/i/(z)j- = A - B0
rr =s g( A - B9 - C; cos2© + Ctysin2 @) ' 3*4
A oese of special interest is that of a uniform vertical load
Taking p = -w oosa and q = -w sina
A = >--w b =5______ 2 wcosa______
0 . =
2 cosa 2 aoos2 a - sin2 oc
3 *5
C s -w(cosa 4 2 asina)w
1 2 oosa % 2 aoos2 a - sin2 a
TiLoading r perpendicular to the axis of the wedge
v—" 71we require nn = - r  oosa
w* 71ns = +r sina
over © = a
nn + ins = - r  (cosa -isina)
f t
= - ( z z  ) > e “i a
and since z = 2 e " ^ a rm + ins - raZ^ e”^n+1^ a
Using the complex potentials
c/l(z) = (A, + iA^)zn + 1  lu(z) = (B, + ilpzn + 2
and boundary condition
J i (  z ) + z J l ( z )  + ^  ( z ) = — z n + l 0 ra( n+ l ) iG  over z =n+ 1
= 0  over z = ze
which gives
( A / +  iA j )  +  ( n + l ) ( A / -  i J j ) e ~ 2 n x a  +  (n+2)(B, - iBje ± 2 1 1 + 2 ^ i o t
4 ~(n+l)ia 
en+l
(Az + iAj + (n+l)(A/- lAje2 1 11 01 + (n+2)(B/ - iBfe (2n+s)ia = 0 
Thus
A / - ( n + l ) ( A , o o s 2 n a - 4 g i n 2 n a )  +  ( n + 2 ) ( B /c o s ( 2 n + 2  ) a - B ^ i n ( 2 n + 2  ) a )
= - — • • c o s ( n + l ) a  
n + l
A ^ ( n + l ) ( A /s i n 2 n a + A ;g o s 2 n a ) - ( n + 2 ) ( B /s l n ( 2 n + 2 ) a + B ^ o s ( 2 n + 2 ) a )
4 / \
=  ^ r r s i n ( n + l ) a
A^(n+1) (^oon2nafein2na) + (n+2 )(B/oos(2 n+2 )a+B^in(2 n+2 )a)= 0  
A+ (n+l) (A(s i n2 na - Ac o s 2 na)+ (n+2) (Bsin( 2n+2 )a-Bcos (2n+2 )a )= 0 
leading to
A  ..............s i p / n + l ) q ___________
1 n + l  ( n + l ) s i n 2 c c + s i n ( 2 n + 2 ) a
t j  -    Z ( n + 1 ) b  i n ( n - 1 ) a - s i n / n + l ) a
J ( n + l ) ( n + 2 )  ( n + l  j s i n 2 a + s i ^ f n + 2  ) a  ^
3 o 6
a ~  2-  c o s ( n + l ) a  ....
x >  n + l  s  i n ( 2 n + 2  j a - ( n + l ) s  i n 2 a
B  ______i~? ___  ( n + l  ) c o s  ( n - 1  ) a - o o s  ( n + l  ) a
% ( n + l ) ( n + 2 ;  s  i  n ( 2 n + 2 ) ' a ^ X n +  1  j s i  n 2 c f
T h & s t r e s s e s  o n  0  =  0  n o w  b e c o m e
Fn ~ 1  ( n + l ) s i n ( n - l ) a - ( n + 3 ) s i n ( n + :
9 9  -  ( n + l 7 h n 2 Y i f f f r % + 2 7 F ”
x q  - _ 4 ^ n  ( n + l ) s i n n a  s i n a _________
£  s i n ( 2 n + 2 ) a - ( n + l ) s i n 2 a  3 . 7
r r  =  l  x 71 ( n - 1 ) s i n  ( n + l  ) a ~ (  n + l  ) s i n ( n - 1 ) a  
( n + l ) s i n 2 a + s i n ( 2 n + 2 J a
Approximate solution for an e l l l x X i& P L o a & im
A polynomial approximation to the ellipse 
is obtained on a least squares basis©
The stresses are then found by super­
imposing solutions for the various powers
of X o
The loading assumed is y and a polynomial
approximation
y = b 0 + a P.(x) + a^Pix) + a«Pjx)+ ----- is found©
^ 3 0 8
Here, 2^ (x) is an orthogonal polynomial in x of degree r ©
If the range of x is divided into (n-1) equal parts giving
discrete values of x as being x; i=0 ? 1 , 2 ----- (n-1 ) or n
ordinates? the polynomials then have the property
/j?*/
(JL (xpp* (x>) = 0  for all r and s where r s 
0*0
It is shown in Aitkin’s "Statistical Mathematics" that the 
values of the coefficients may be found so that the 
expression 3 ©8 for y will be a ’best 1 polynomial through the 
n ordinates?interpreted on a least squares basis©
The a ’s are given by
( - .it  -  j
Purther? the method gives the’best’ polynomial of any 
desired degree simply by stopping the series 3 © 8 at the 
appropriate term© Tables suitable for this work are Pisher 
and Yates " Statistical Tables for Medical and Agricultural 
Research"©
? 3
r> - /
Z  n  M y )
1 * jS_____________
T  |p#w }
In the following numerical work n = 11 giving eleven 
ordinates® Also these ordinates are taken as for a circle 
of radius 1 0  units and finally reduced by a factor \  0 
The following table gives values of P^(x) r = 1,2,3,4,5 
compiled from Eisher and Yates, which also gives S^Ety/x^J
X y P, (x) P j/ x ) r i U )
0 0 -5 15 -30 6 “3
1 4*36 -4 6 6 -6 6
2 6*00 -3 -I 22 -6 1
3 7*14 -2 -6 23 -1 -4
4 8*00 — 1 «9 14 4 -4
5 8*66 0 -10 0 6 0
6 9*17 1 -9 -14 4 4
7 9*54 2 -6 “23 -1 4
8 9.80 3 -1 -22 -6 —1
9 9*95 4 6 -6 » 6 — 6
10 H O © o 5
— — _____ . . i
15 30 6 3
Values of the a Ts corresponding are
a* = 7*5109 a 3 =* *0259
a i = 08157 = -*0584
a, ~ -*1412 a,. = *0445+ &
The actual polynomials may be obtained by using Newtons
ry
Qcentral difference formula 6 I -14 n „
r  0 h  -9 ;
%‘S
so that Pj-(x) = -3 + 9*C( - 14*0^+ 14*C9- 9*0^ + 3*0
and the polynomials become
P,(x) = x - 5
P^(x) = x*~ lOx + 15
p,(x) = i ( 5 x % - 7 5 x %  286x - 180) o
Pfr(x) =jg(x*- 20x + 125X1- 250x + 72)
?S U )  =|J x -  |xri 5||x3 - 19| x %  23|ix - 3
the ’best’ cubic is then
y - j l  ( 60216x - *4654x + 3„4641x + *5362 ) 3.9
0  4. x 4  lo
the ’best’ quartic is then
y = A  (-.0049x ‘' + o1189x 3 -1.O736x* +4.6806x +.1859)
3.10
0  4 x  £ 1 0
Numerical computation of stresses for a wedge of small 
angle, such as an aircraft wing girder is simplified by 
approximation to the first order in ct8
Thus the stress ©0 o on & - 0  due to a loading wxn on the 
upper flank is obtained from 3.7 as
35„ »
1  n=  gW X
_ L n  4(n+l)ct- gwx 4 (n+l)a
=-~wxn which holds for n= 1,2,3,4s 3.11
2
Por the constent term in the polynomial approximations 
we have from 3.3
§ 4  =  g ( A  +  0 ,  )
where from 3©5 A = C, = —
1 2 cosa
thus for small a §90 = - gw which fits in with 3 ©11a
Pinally? the stresses corresponding to 3©9 and 3©10 will read
-t-t A / 3(.0216X - ,4654x + 3.4641x + .5362)
and
=~20 (“ »0049xF + »1189x^ = 1.0736x*+ 4.6806X + .1859)
Por a truncated wedge? solutions having the sane force 
and couple resultants over the end arcs are effectively the 
same at a distance from these ends,by Saint Venant’s 
Principle© In calculating from these equations the end-values 
have not therefore been included©
The ’best’ cubic gives the following values of the stresses 
at various positions along the wedge©
X 2 4 6 8
2 0  >< 5 ©78 8  ©32 9 ©23 9© 52
* 7
CHAPTER IV 
Body Porce Problems 
(a) Wedge under its own weight
The components of body-foree/unit mass
are Px ■g COS0
we have
3? = -g sinBy & 
and since P = -gra.d V
V = g(xcosB + ysinB)
Thus putting c -
U = cz + cz = b z
/ . W  = i c z s  + CZZ and • r a = O Z  dz
Using 2.8 and 2.9 and introducing
t "  where JC = ?-4tf~ so that
K + l
5 = 2 (1 - 2 ) since (l+^)(l~cr) = 1  
Consider now the complex potentials
J i (  z )  ~ AzS oa (z) = BzS
These make
2 ®  = 2Az +2 Az +2 (l+^)yO (cz + cz)
[ a  + jo  ( l+?)o }  z + I  A  + p  ( 1 + ^ ) 5 }  2or rr + @©
and
but
zc
4 . 1
4.2
4.3
4.4
- 2  cf = 2zA + 6Sz ~2 (l- ? ) / 0
§' = e-2is|  ^ &  §  
therefore rr-99 +2ir9 = -I ^  A -(1- ? V SJ
or, combining 4.4 and 4.5
2( 99 - i r e )  = (A +/£> (l+?)c ]• z + 2 ^ 1  + }z +
5Bz'
z 4 o 5
5Bz'
z 4.6
Por zero boundary stresses over both flanks we require 
the right hand side of 4 ©6 to be zero when z = ze~icc 
or [A y (  1 + 3 )0 } + 2 [ a  + ■’i  jo c ] e2la + 3 S e 4 i a  = 0  
and |  A + / > (  1 + 3 ) 0 }  +  2 jj 1  +  3 / °  c j  e “ 2 i a +  3 S e ' 4 i a =  0  
subtracting we have
3Boos2a = «(A + y c )  4©7
eliminating S  leads to
Acos2ct + A  = c -  yo ( l + ^ ) o  c o s 2 a  
and " '
loos2 a + A = ~ (l+ j ) o cos2 a
hence A = - ^  c - fy?c - ^  c cos2 ct) '§f^f‘gct 
or using 4©1
A = “i^ogcosp j 2(1+^) - sec2aj + A-^gsinp | 2(1+^)- oosec^
4 o 8
and from 4©7
B £ cosp seo2a + isinp cosec2aJ 4©9
STRESSES
T h e s e  m a y  n o w  b e  o b t a i n e d  f r o m  4 © 4  a n d  4 © 6  b u t  a r e  
h e r e  e v a l u a t e d  o n  t h e  a x i s  o f  s y m m e t r y ©  
t h u s  ~~(© © o -  i r © )  -  A  +  2 A  +  3 B  + / > £ ( l + ^ ) c  +  2 ^ o ^
o
=  ^ o g c o s | 3  t a n ^ a  •=» i / > g s i n B
g i v i n g  @©o =  i ^ g x c o s B  t a n 2 a  4 © 1 0
1
r © ^  =  g ^ o g x s i n P  4 * 1 1
T h e n  f r o m  4 © 4
~ ( r r *  + 9 © J  =  A  +  A  +  ^ o ( l + ^ ) ( o  +  o )
1  ?
=  g ^ o g c o s B  s e c  a
'w' T
g i v i n g  r r  =  g ^ g x c o s B  4  ©1 2
In the  c a s e  when p = 90 i t  w i l l  he o f  some i n t e r e s t  to
o b t a i n  the  s t r e s s e s  a t  any p o i n t  o f  the  wedge*
from 4*1 o = -  i g i
2 &
A = -ijog £ 2 (l+'J) - ooseo2aj
B = ^-Lpgi coseo^a
9 l s ? ^  . ^ x i  ^  i  P - l  P &
2 (0 0 -ir@) = -ji^gcoseo a . z  - gtyog(2 -cosec a ) z  -j^gicosec a
l .  r  2  / ?  \ -  p
=  ““^ lyog £ z c o s e c  a +  2 ( 2 ~ c o s e c  a ) z  +  c o s e c  a ~  J
= - j i ^ g r £ e ^ ® c o s e c 2c( + 2 ( 2 ~ c o s e c 2 a ) e ~ ^  + o o s e c 2ct
l e a d i n g  to
@0 = gpSr [ sin@(3cosec2 a-4) - coseo2a s i n o @ 4*13 
r0 = i^gr £ c os0(4 ~cosec2 a) + cos3@ cosec2aj 4*14
from 4*4 _
r r  + ©0 = - ^ i^ g c o s e c  0CoZ + ~dy0gcosec a . z
1 P= 2 pSr c o s e c  a sin©
' w  1 r  . / P \ 2 . 1, , r r  = gj°gr  ^ s x n 0 ( c o s e c  a + 4)  + c o s e c  a s in30J
4*15
(^ ) N o t a t i n g  wedge
L et  the  wedge r o t a t e  i n  i t s  own p la n e  about the  v er te x ?  
w i t h  c o n s t a n t  an gu lar  v e l o c i t y  u j  *
p
The b o d y - f o r c e  / u n i t  mass = oo r
Thus = -  oa2r and V = - u>2r 8c> r
TT „ 1 2 -U -  - g  co22  -  g -J
/ t.jt _  1  2  2 -, ,  w — - J  oU z z
H  =  - i " 8 * 8  4 a 6
3 0
** V/* .
2 ( 5 -  2 ^ =  4 ( 9 9  +  i r O )  = | / f c * ( z ) ,  +  j R ( z )  +  z j i \ z )  +  ( 4 - # ) ^ — *
+ 1  o ) " ( z )  -  Y  f  M '
f r o m  2 . 1 5  t h e  s t r e s s e s  a r e  g i v e n  b y
4 ( @|9 +  i r Q ) —1/2 ( z  ) 4~ifl ( z  ) +  z  t/ 1  ( z  ) + t r  t o  ( z  ) -  $ ) 2 Zz
= 1/ 1 X 2 ) +  t / T ( z )  +  z j j \ z )  + |  C u t 2  ) -  1  +  3 ^ ) z z
This function is required to be zero on 9 = ± a  i.e. z = ze+2ia 
Use complex potentials
t/k(z) = Az* to(z) = Bzkl ( A & B real) 4.17
so tfyat on 9 = a
5Az^+ 3Az 7 + 6Az7 + 1 2 B z % 2ia - i f> i/( 1 + 3?)zz = 0
or » .
9A + 3Ae + 12Be2ia = fe t<7(l + 3^).e“2ia
and
9A + 3Ae4icc + 12Be"2lct = f e j l  + 3J?)e2ia 
so that
3Ae“2ia + Ae"Sia + 4B = f e f e l  + 3 ?)e'41a
3Ae2la + A.e6ia + 4B = f e t o U  + 3^)e4lCt 
leading to
A = i  + 5^)sin4a
6 sin6 a + 3sin2a 4 018
B = '- JL ^lqv(1 + 3^)sin2a 
12 sin6 ct + 3sin2a
4
Stresses
» i
2 ®  ~ ifl{% ) +JI ( z )  + (4 mat )p*
= 3Az ^  + 3Az ' 2 ( 1  + 'jO/Vg- W*zz
2 (rr + 99) = 6 Ar*'coi? 2 0  + ^ ) v '>
~ 2 < J?  =  z i / l ‘( z )  +  e " 2 i e £ w l!( z )  - f y J g  j
d W  
z
+ —
a n d  z  =  r e
i @
« >= 6Az + e »2i9C -j
=  S A r ^ e ” 2 ^  +  1 2 B r " V "  +  *§■^  u /(  1  - ^ J r 7-
s 0 that
. S—^ *v«2(rr - ©9) ~ 6Ar cos29 + 12Br cos4Q + ifp>u> ( l  « j ) r
w
—4 r  © =. «*6Ar^sin29 - 12Brvsin4Q
leading to
9 ©  = 4 p ( l  +  3 ^ ) u T r *
4cos29oSin4u - 2oos4Q©sin2a 
sin6 a + 3sin2a
r r  = ] - / u / r H 2 ( l  +  5 ^ . o o s 4 Q . “ 3 l n a a . -  ( 3  + 3 ) 
o I f s i n 6 a  +  3 s i n 2 a
r 9 =  -■§• p  i.0V ( V +  0  ) ) sin2Q»sin2a j  oos2G -  oos2a \  
* • sin6a + 3sin2a
C H A P T E R  V
Isolated Eorce and Couple at the Vertex
Let the force he R at angle p to the axis of the wedge, 
so that we may write
P = Roosp 1 + Rsinp ^ ~ R(cosS + isinP) 1 = Re^^ i
Consider the complex potentials 
c f l ( z ) = Alogz 
with no body-force
4(©9 + ir©) = J X(z ) + z ) + Z c f l \ z ) + 5  u > \ z )
5 * 1
(*o ( z )  ~ Bz logz (A and B complex)
5 *2
z
=  ( A  + B  ) j
We may make 9© = r© = 0  everywhere hy taking A = -B 5*3 
Considering now the equilibrium of a portion OAB of material, 
the resultant couple must be zero since only a radial stress 
acts along AB, The resultant force may be found from 2*20
IB 
A
*Re i p i i
4
1 .
a
- 1 ( 7
Alogz + z
At4“ z
£ Asin2a + 2Aa ^
I B  
A
A(l+ logz)J
or
and
l e a d i n g  t o
Asin2 a + 2 Aa 
Asin2 a + 2Aa
A  =  - 2 R
■ S R e 1 ^ 
■ i B■2Re
C Q S p
2 a  +  s i n 2 a
+  i
 s i n p
2 a  -  s"
5 . 4
3 3
T h e  r e m a i n i n g  s t r e s s  c o m p o n e n t
rr = ® ' = gty'(z) +c/2'(z)j = 2 r[Ae"l9+
or rr = —  sin2acos ( B + © ) - 2occos(P-9) r " ~ 4a^ - sin*2 ct' 5 * 5
(b ) Oouple nucleus 
Consider J l  (z ) u> (z ) = Blogz
4(9© + i r@) =
_  1  
r
which, will vanish over 9
•2 ia
Z ^ ' +  z 2 f 3  +  f  ( - g S )
A A -  B ~
z * z z
A e “■2 i© -  A e 2 1 0  -  B )
1  == la if
5*6
Ae Ae 2 ia
so that
B = 0
Ae8lC! - Ae"2la - B = 0  
A + £ = 0 or A = iC where G is real 
and B = 2iCoos2a 
One further condition will be obtained by considering the 
equilibrium of the portion OAB of the wedge* 
from 2 * 2 0  the resultant force is
5*7
X + iY = - ] i  4
"A
z + « ( - f )
or X - iY = PiiftyzLz
A + B_ 
Z* zz
from 2*21 the resultant couple is
N =s real part of A"*4 zz z )
= t? H ji 1
”4
r-A|. + B 
z
ss *1 1 1s*4 '-Ae"Sia
£
z
B
A
- B
A
which is zero 
from 5*6
/ ( z )  -  w >(z)J®
B 1 ° g z J A
o r •G ~ sin2a - 2iaB^
G = i^~Csin2 a. + a.2Ccos2crj
2G________
C ~ 2aoos2a - sin2a 5.8
Stresses
from 5.6 4(©9 + ir9 ) = i|f- (2cos2© « 2oos2a)
so that 90 = 0
r 9  = 9- oob29 -  o o s 2 a  
r * 2 a c o s 2 a  -  s i n 2 a
rr
or rr = - s i n 2 9 _______r*^  2 acos2 a - sin2 a
Criticism of paper on "Tapered Beams" by E ,H 0 Atkin (ref. 7 ) 
Using the solutions of this Chapter* together with 3.3 
3.4 and 3.5 it is possible to find the extent of error in 
this worka The problem of a uniform flank loading is treated 
by considering the equivalent force and couple at the vertex: 
which will not in general give the seme stress system*,
Consider a uniform distribution of 
vertical load w/unit flank length. 
The stresses on the axis distant d 
from the vertex will be found0 
The equivalent apex force and couple are
pW = wdseca and G = w d s e c a
tCt
True centre line stresses from 3 .3 ? 4, 5
1  / A , r\ \ _   y u
2 cosaee, = | ( a + c, )
re, = x(B + 2 0 . )  ~ wasina
4 V * 1 2 a c o s 2 a ~  s i n 2 a
and rr, = ~-(A - C,) = 0
Stresses on 9  -  0  obtained by superimposing ¥  and Cr 
for ¥  rr = 9© = r@ - 0
for G 9© = rr = 0
X g  =  _  w  _____L . s . . . 9 ° B g a .......* 2 cosa 2 acos2 a - sin2 a
It will be observed that when a is small the stresses
rQj and i ^ a r e  approximately equal to whilst ©9 ,= - ~w .
Three points should be mentioned
I© The % error involved is E3.k JZ . PMj e100r 0 ,
=1 0 0 [t|na . t y
1  ?- ~a ,/o©(approx) 
so that Atkin does in faot over estimate? and the error is 
only 5$ if 2 a = 44a18f (one of the values quoted)? so that 
the approximation is quite good©
2© Atkin’s method loses the stress 99 entirely? and whilst
this is negligible for one case which he uses ( 2 a- 4^18*)
it does reach 50$ of the value of r© if 2a =44°18? so that 
the approximation whilst apparently good? would be somewhat 
in error for the principal stress©
3© The above comparison holds good only for the particular
distribution of flank loading used and cannot be put forward? 
as Atkin does? as a method for any wedge loading,including 
force nuclei©
at
CHAPTER VI
Isolated Couple Nucleus at z ~ d (real) with stress free 
“boundaries a
Por an isolated couple nucleus G at 
z = d the complex potentials are
rfe/Ll— (-.d .— --- known to he »
T J rX  G r V cO  ^
, / l  ( z , )  =  0  ,  ' - + . ( 2 ,) =  l o g z ,  6 . 1Cl ' '  c- ' r  i t
( ref 2 pg 154 equn 11.35)
on changing the origin to 0
J ' l ( z )  -  0  ? t o  ( z )  = — 1 l o g z ,  w h e r e  z  = z  - dit
n o w  ^ , — j, it
4 ( 0 0  + ir0 ) = J l  (z ) + X z ) + z J l  (z ) + S- (z )
_  z . 2 i G /  1  }  ^  Q n  f l a n k ,  z  =  r e i a
i i  V z,z 
r© + i@@ = G
e-2 ia
2 71 (re”ia - d j
G 1
2 n| r - de^ 'a Jr
6 .  2
We wish to wipe off this stress and so will apply the 
Mellin transform method described in Chapter II b „
T h u ,  « P ) .  i  r — i t t i t e  , ±  I ( P j 0 )
2 rLj„ (r - de )
So the boundary problem which we have to solve is given
by -v r
(p+l)(D+ip)X = —  l(p,a) over © = a
s *  6' 3 .
p
= ■""" l(p»-ct) over 9 = -a
2 n
Since the stresses are of order r at infinity we haveo
from Ch Ilh (17) n = 2 and - 2  <p < 0  
Evaluation of l(pPct)
This may be accomplished by means of a contour integral,
Use the contour shown and consider
z P + l d ,
j (z - deia)7‘’rt
V
V
1 I The zero of the denominator is at
V r i
/ z = de ICC
Thus tt r 2 'Jii / residue at delcc
u-
now on Cty z = x and on z = xe 2 'j t i
/r i xp+1fe
' t> o(x - d e ^ ) ^
f °  x p+1 e 2 ( p + l )7 l iax
l(p,a)
(x - deia)*
e2p^  l(p,*>
On a. and G(, ,,z = re
'  IjV i
i© riand jz - de^a j ^(r-d)^
zp + 1 rP+l
(z - deia)> I (r-d/
rP+l
^  2  TO
as r 0  or as
(r-d)>
and since ~ 2  < p < 0  this o
(l » e2p,Jl^ )l = 2 icix residue of zp+1dz . , iaat z=de „
J (z - de^a )^
t o  f i n d  t h e  r e s i d u e  p u t  z ~ d e i a  =  t
r e s i d u e  =  c o e f f i c i e n t  o f  i n  ( t  +  u e i c t ) p + 1  
-  ( p + l ) d p e i p a
T h u s  ( 1  -  e 2 p 7 a ) l ( p , a )  =  2 7 i i  d p e l p a ( p + l )
e P ^ M  “ S i s i n p T t ) l ( p ? a )  “  S m i  d p e i p a ( p + l )
I ( P s a ) =  -  w h e r e  B * * - a  6 * 4 ,
s i n p r c
and since l(p,-a) = l(p,a)
I(p,-a) = - *M i P 8 (P U L  6 b5 .
 ______  sinpic
The boundary conditions for the partial (equilibrating) 
solution are accordingly obtained from
s\s
K =  A e i p ® +  A e " i p 9  +  Be i ( p + 2 ) 0  +  § e " i ( p + 2 ) 0  
( p + l ) ( D + i p ) 7 (  = 2 i ( p + l ) [ p A e i p ® + B ( p + 1 J e 1 ( p + 2 ) ®  - 5 e " i ( p + 2 ) ®
so that from Ch lib (31)
over 0 "a . . , , . . .^ ,-n -it>B
pAelpa + B(p+l)el(p+2)a - Be"l(p+2)a = lGA e P
4 sinpTi
over e=-a^_.pa + ^ (p+1 )e-i(p+2 )a „ 5 e i ( p + s ) a  =
4 sinp-jt
and the conjugates
pAe”ipa + B(p+l)e"i (p+s)a - Bei(p+2)a = - iGdPelpB
4 sinpit
pAelpa + B(p+l)e^ p + 2  ~
4 s i n p T t
T h e s e  e q u a t i o n s  i m p l y  t h a t  A = -A  a n d  B  = ~ B  s o  t h a t
pA + B(p+l)e2ia + Be-8i(p+1)a =
pA + B(p+l)e“Sia + Be2i(P+l)« = i G d £ e ^ _4 sinpn
s u b t r a c t i n g  . p
B { 2isin(2p+2)a + (p+1)( “2 isin2 cx)} = J L U L  , 2i sinpTt
4sinpTt
iGdpB - 6 „€.4G(p,a)
where
G (p ,a ) ~ (p+l)sin2 a - sin2 (p+l)a
and H(p? a ) = (p+l)sin2 a + sin2 (p+l)a
J(p,a) “ (p+l)c6.s2 a - cos2(p+l)a
K(p,a) = (p+l)cos2 a + cos2 (p+l)a
which will be used in later problems 0
s o l v i n g  f o r  A
pA - iGclp ( 0 -i(2p+2)ct + (p+i)e2iec j. = i G A ^ y 11111
& a (  r t  W  j  ,1 O  4 YNWarr
4  s i n p T C
pA =
4 G ( p Pa )  I J  4 s i n p o i
i G d p ____________
4 G ( p ,  a  ) s i n p ' j r
s i n P ‘ji |  e  "  ^ 2 p + 2 ) a  +  ( p + 1 ) e 2 i a j
+  G ( p ? a ) e ~ i p 7 1  J
l e a d i n g  t o  i G d p  K ( p , a ) s i n p T t  +  G ( p , a ) o o s p n
A  -  —   — .— ...........................    — -------  6 * 8
4 p * G ( p ? a )  s i n p T :
T h e  s t r e s s e s  , ^ ,
~  C o n s i d e r  f i r s t  @
( r i  +  p * ■ ) > =  [ ~ ( p + 2 ) r i  p ’ t y B e f f r i 8 ’ 8  +  B e " i ( p + 8 ) 0 ]  b u t  B  =  - B
=  ~ 4 ( p + l ) ,  B . 2 i s i n ( p + 2 )©
=  -  2 G d p ( p + l )  g i n ( p + 2 ) ©
G ( p , a )
whence from the inversion formula for ®
& +*l- c*’
1
i . e Ob ;_,L
2 i t i
we have
Q -L G<-'7
<* ^ t cs?
i t i r
d \ ‘5 (p+l)sin(p+2 )©
d p 6 i 9  :
6  p 1 0
G(p,a)
in which the complex p = c + i^ replaces the real p 
of the Mellin transform.Note that the restrictions on p given 
by equn. (3) Ch lib refer to the real part of p? so tha.t in 
the inversion formulae we must take
- 2  <  c  <  0
The restriction of equn* (2) Ch lib 
is in accord with this and gives nothing 
new since,? -<L+ 1.00+3-
©  = g f y  \  j ±  ( u ~ 2  f  J  X r ~ u d u
1 C. -  I. -h %
so that from that equn0
c +2 > k )0 or c X “*2.
S '  j )
The restrictions6 -10 are the over-riding restrictions 
on the value of p.
If we attempt to press the value of c to the limit zero,
)
we must examine the integrand of Qy for possible poles on the 
imaginary axis, since the equivalence of the path BA to the 
path CD rests on Cauchy’s theorem for the space enclosed 
between them and this must contain no singularity.
The zeros of the denominator G(p?a) of64,9 in the range 
occur at p = 0  ? -1 , - 2  but the numerator contains the factors
(p+ 1  )sin(p+2 )@ so in fact the only pole is at p = 0
and we must exclude this from the shaded region by a semi­
circular indentation of radius £ which we allow to tend to zero 
writing p ~ i?,
G(p?a) = (l+i^)sin2 a - sin(2+ 2 i y ) a
= sin2 a + i^sin2 a - sin2 a,cosh2 ^a - icos2 a ©sinh2 ^a 
— E # + i 0 ^ 6^11,
where E ( = sin2a(l - oosh2^a)
0 4 ~ ^ s i n 2 ct - cos2 a©sinh2 ^a 
M o  We are thinking here of even and odd parts rather than
,©? A*0
real and imaginary parts, so as to reduce \ to 2 1
at a later stage© 
.d
d-?
Also (j1) = where m = log-
and (l+i^)sin(2 +i^)Q
= (l+i'^) (sin2 @ ©cosh^© + icos2 © ©sinh^© )
where Ea= sin2 @ ©cosh?<9 -  ^oos2 © .sinh^©
0^ = ^sin29cCosh^9 + cos29©sinh^G
Thus we may now write ^ tca
G f eim'/(E +10)(E( - iO,)
w  % i r *  \ — ------------— ------------- i d ^• J  E,v+ 0 V 1
C- l cO
® '  = - J *
l i m j  f  t  t  -  *  r
I O t  J  Al* J / t  D *rn '1*Y n
where R is the residue of the integrand at p = 0  a.nd
E = Ef E^+ 0, CV
=sin2 a(l-cosh2 ^a) (sin2 ©oCosh^Q ~ ^cos2 © ©sinh"j>9)
. V  ■ 6 b1 2  ?
+ (^sin2a - cos2a ©sinh2^a) (J sin29 ©cosh-^© + * g o s 2 Q  ©sinh^Q)
//-
0 — 0feE | ** 0, E^
-  s i n 2 a (  l - c o s h 2 ^ a ) ( ^  s i n 2 © . c o s h ^ ©  +  c o s 2 © . s i n h  ^ 9  )
6  i, 1 3
whence
(^sin2a - cos2a0sinh2^a)(sin2@ocosh^9 - ^cos2@«sinh^9}
~  Aco
DV = G- f t — .
n r
, Ecos^m - Os into , _
2 \  W o T ~ ^ '  ^
o ' 1
6 :  i Aw a-Yu
Value of residue R
E ; + iO, = i^(sin2a -2acos2a) + 0( ? }) 
isin2 ©R = i(sin2 a - 2 acos2 a)
so that
0
G_
itr+
I fcO
1 Ecos^m - Osin'Jm
>  v ' d v
.  E . + 0 .
 nsin2 Q  6j 5 p 5
sin2 o: « 2 cccos2 a]
Consider now the stress combination
(D+ip ){.D+i (p+ 2  )|X ~-4A(p+l)pe:*'p® - 4B(p+1 )(p+ 2 )e^ ^ p + 2
and this becomes on putting in the values of A and B.
iGdp (p+l) t-no /- — fe-'—  e i p 9  Z(p,9)G(p,a)sxnp7i
where Z(p,@) = G(p,a)cospn + K(p,a)sinpn ~ (p+ 2  Je^^sinpn
hence .,e + 1  c*?
rp d!|P ( p + l ) © ^ ®  „ t  r ^ \  a  r  n r , f e     z ( p , 9 ) d p  6 0 1 7 ,T V H- f -n _ nr ! R t nrvrr
G„
2%r^ | Vr/ G(p,a)si pm
T.-LC0
Although the zeros of G(p,a)sinpn in the relevant range are
again p = -2 ,-1 ,0 , p = - 1  will not be a pole because of the 
factor p+ 1  in the numerator, with p = ~ 2  in Z(p,@) we have 
Z(»2?Q) - G(~2 ,ec) = -sin2 a + sin2 a = 0  
and so 9again;p= 0  is the only pole and we take c=0 , isolate- 
the pole and put p-i ? .
^3
as before (3 -\p = e ^  Vr /
m where m = log -r
S] u eip© _ ei^m#ei'^ 9 _ where k = m + i©
sinpit = isinta^also G(p?a) = E,+ iO, and 
K(p,a) = E 3+ iO^ 
where E^= cos2 a(l + cosh2 ^a)
0 ^= ^oos2 a - sin2 a*sinh2 ^a 
2(p?©) = (E^+ i03)isinta^ + (E, + iO,) costa 7  - (2+i^)e*\ isinta^ 
~  E +  1 0,
6 P1 8  
.  .
2 i©„,where E ^ =  -O^sinhn^ + E { costa 7  + ^ e *  sinta ^ 6*19
0 {>, =  E ^ s i n t a ' j  +  0 , c o s t a \  ~  2 e 2 l @ s i n t a ^
thus
i 2 n r '
co
f  e 1 *^  ( l + i ^ ; ) ( E ^ +  i O j i d ^
isinta^ (E , *!- iO,) •rciR
yo
Residue R
Ej + iO, = i^(sin2a - 2a cos2 a) + o (  ') )
s i n t a c t  =  tc 7  +  0 (  7 V )
0,L ~ i * / ( 2 i t c o s 2 a  -  2 7 t e 2 1 0  +  s i n 2 a  -  2 a c o s 2 a  ) +  0 ( 7 ^)
E /+ 0 ( 7 " )
so that tiR = 1  + 2 *n:(cos2 u - e2^0 ) 
sin2 a - 2 acos2 a
6  * 2 0
and J l  = -gri. " r e ^ R ^ . - A )  +  i ( ? r i +  Q j  f  ( E , -  1 0 , )
.  t * .  s i n h i t ^  (H,+ O j)  ■
1
d?? —jtiR
the numerator = E^+ iO^ where
• ® f=  E . V  ° r ? ^ +  ? ( ° ,  E ,f " S ,  0 „ . )  
0r = e,o4 - o,e„ + ?CEfB + 0 , o lh) g i v i n g  f i n a l l y
If jp
giving finally 
$ ' =
Crj
2 rK Tn'
n ( 0<oosk7+ E^sinlc^/2  _■>. _  I.. t  J. d y  _  ^
J s i n t e ^  (E,+ 0, ) 1 6  i 21
where R is given b y @ T20 •» This completes the formal solution 
for the stoesses as far as one can go without numerical 
calculation © The stresses arising from the original complex 
potentials as given by £ . 2  * must be added to those given by 
4TJ.5 and£«gl. to obtain the complete solution#
The Disp lace men t s
referring to Ch Il(b)equn* (29)
(D + ip)a = 2i[pAe l p 9  + B(p+l)e1 P^+2)® - Be " 1 ^ p + 2 ) 0
{ i , — i
{ d  ~ 1p)|d + ip)X = -4(p+l) [ Be1(p+2)® + 5e“i(P+2)©_
(D - ip)(D + ip ){D - i(p+3)}X = 8 i(p+l)(p+2 ) Bo"’1 p^+2)®
M , -  i U * =  “ 4 T „  S i | p A e i M ( p + l ) e i ( 5 + 2 ) 0 4 “ i ( P + 2 ) V '
7 1 -Ji +(l-<J')4Be” ‘p
, (L -J'10°
|pAeip®+B(p+l)e1 p^ +2)f (3-.4o")Be"1 (p+2 )e}r"p "1dp
oi\? inserting the values of A and B given by$^6 ; and $ ’. 8 we
have
IT,
£  •+ {.
iU,= G Y(p,Q) elpe /dffd sinpoi G(p,a) [ r i ^
(?. -  L
6  ( , 2 2*  ‘ ^ ”9 Q'Ku T
where r* \ j
Y(p,Q) =sinp7t I j K (p ? a )«(p+1)e2 1 / + (3-4^)e “ 2 1 ' p + 1  ^ l+G(p ?a )cospu 
. 6 ^ 3 ; ‘to simplify # * 2 2 we again take c = 0 and put p = i^ and note
- 2 < ? l p  <  o  .
t h a t  p  =  0  i s  s t i l l  t h e  o n l y  p o l e  o f  t h e  i n t e g r a n d  f o r
H X
before e^P9 /— )~ = e ^  ^\r /a s where lc = log- + i©
G(p?cc) = E,+ iOj and K(p,a) = E^+ i03  
Y(pP©) = i s i n h n ^ E ^  103 - (l+i^)e2i@ + (3 ~dcf ) e” 2 i g (cos;h l y e  + unhz j o)
+  ( l j + i O ; ) c o s h n ^
= %  + iCfe where 
E b = SJcoshn^ + s i n h n ^ e 2 l0 «>O^  + (3~4rf)ie~2 i9 sinh2^0j 
0 ^- qcoshn^ + sinhit^ j“ E s- e2i@ + (3 -4 dr)e~2 l@cosh2 ' ? / 0 f
s o that from 6 . 2 2
G
Vf e  iUe -  8 V r
e 1Ji3(Efe i q ) ( n .  -  io,) _ t  silJ JL id^ - niR
^  isinhn^ (E/ +  Op)
where R is the residue at j = 0
6  o 2 4  .
«H = lim eik7> fe.
0 ( E  +  i O ^
= lim £ costed + lslntot?
'’H O  I E ;+ iO, E^ + iO^ - (l+i^)e
2 i©
v
=  i  + TC
+ (3-4^)e“2l9( cosh2i'Q + sinh2a@)jj
J
[2oos2a - e2i9+(3~4tf)e"“2 i 9 ]
so that
1 +  i u  = G
sin2 a - 2 aoos2 a 
i— co
 ^ elkt(E7+ i O)
o  8/j.Tcr [ j ^ s i n h n ^ E f e  0 * )
inR
where E^~ E,E,+ 0, 0,7 1 b I cs and = 0 h E, ~ E^ 0 ,
Gi 1 ,,,P0V  iUfe 8fer gl E 7 sink^ + 0 7 ooskfe ^  J0 sinhit Jj(E*+ o j ) i tR 6 b 2 6
Displacement due to origi must be
added to this solution and is obtained from 2 * 8  and 6 * 1  as
i - i o  ,
8 ,'YD = e (8 /tD) D T J d  i l l iG 6 o 2 7V T Ii7  r - deie
S e m i - i n f i n i t e  p l a t e  u n d e r  o o u p l e  n u c l e u s 0
The integrals obtained for the stresses and displacements 
are not integrable except by approximate methods, but an
plate corresponding to the angle a = tc/ 2  9 since the integrals 
can then be evaluated* This reflects the fact that complex 
potentials cannot be found for the wedge under couple nucleus 
with stress free flanks when a / %/2 9 but have been found 
by AoC *Stevenson (ref* 2 pg* 155 ) for the semi-infinite plate* 
It is of interest to see how the above results reduce, 
and respond to direct integration in this case and also to 
show the agreement with the work of Stevenson*
Value of ®  when a ~ n/2
from equnSo6e.ll to 6 013 1, = 0 0, = sir ihn 'h
17
These integrals have been evaluated in Edwards ,! Integral 
Calculus 15 Vol II Eg 277 and take the values5 -
n r "  i 109 + g* BinSe = I f s m 2 0  + I^cos2 © 6*27
where
I,
I
cosh/f© osinm^ cyy = 1  sirih m
<1/0
sinta”? • 2 cos© + cosh m
0
.oo
sinh?^0ocosm7 _ 1 sin©
sinlm^  ^ 2  cos© + cosh m
\JO
and by differentiating with respect to ©
I ') 3in^/® 0si .nm7 d^ - 2 : sinh moSinQ
sinta/? 2 (cos© + oosh m)
oo
f  7  Q O s h ^ Q  c c o s m * ;  ^  1  1
\  s i n h n ; 7  2  ( o
+ cosOoCosh m
o
ahm^ os© + cosh m)'5”
so that since cosh m ~ P(em + e~rn) = 4  ~)
2  2  r d 7
I .  -
, ri ri H-4r d + d - r + 4rd cos©
,  r i  r i& (r + d + 2 rdcos© )
2 r "dsin© (r + dcos©)
T   -------- —
ri ri  n, ri(r + d + 2 rdoos@ ) 
from 6o27 we have on simplifying
t . 4G rsin© (d + rcos©)
Hz ~~ t n ^ \ n** 6  o 28ti (r + d + 2 rdcos©)?
-  t
Value of j? when q = ti/2
f r o m  6 o 1 8  E 5  =  - ( l  +  c o s h x ^ )  0 3  =  -  J
f r o m  6ol9
E^ = ^  sinlm^ + sinhji^ = 7 ( 1  + e Jsinhjt^2 i © „ 4 w u ^  _  , ~ 2 i @ / id-Liiirji
~(l + coshTc^JsinhTt^ + sinhTi^*coshTu^ - 2 e2 l0 sinhii7  
=  - ( 1  +  2 e S l 0 ) s i n h ' i c ?
H -
f r o m  , 2 0
= 1  +   _ !tcR 2 e 2 i ©
%
and E^ . -  - s i n h r ^ U  + 2 e Sl@ ) s i n t e ^  + £"sinh^'ii^( 1 + e * 1^)
Og- = -sinh^K^o^ll + e S l ^) + ^  sinh7i*>( ~ 1  ~2 e2i@ Jsinhn:^ 
~ «3sinh'*"'jr*?(2 + 3eSi@)
2 i©
so that from 6 © 2 1  
jjo.
T 1-  Gi
( h  ~ 2  
L-
00
{  {  ^ ( l + e 8 l 9 ) - ( l + 2 e S l 9 ) } s i n k 3 - 3 ( 2 + 3 e 2 l 8 ) o o s k 3  d -  
J  s i n h j t ^
+ 1  + 2 e2 i@
1  6o29
Using the integrals
J sinh-K  ^ 2
sinh lc
o
\t>0
1  + cosh lc 
13  c o s l c ^ , ,  =  1  ____
sinhjt^ 2 1  + cosh k
6«30
J
J o
o
oo
i n k ^ ^
s i n h r c j
sinh k
2 ( 1  + cosh k) n*
equn© 6*29 may now he e v a l u a t e a n d  after considerable 
simplification:' becomes
§ '
Gi de
TL
■2i9 r  ( e *3i© + 2 erai@) 6*31
Value of D = U^ + ill, when a - tz/ 2
referring to 6.26 and using K~3~46* ?the modified hulk modulus
s i n l m ^  ^ e 2 i @  +  ^  +  ft i e ~ 2 i @ s i n h 2 *>© J
0 ^- sinhK^e ooshit^ + sinhit^-l-ooshTc^-e +/{e“2 l®oosh2^9 
E 7 =  a i n h n ^ . O ^  0 ? -  - s i n h K ^ o E ^
riR =  1  +  [ - 2 >e2 i0 + |g> e -^i© J
6o26 now reduces to
tt • rr G iTJj*+ lX L   ---------
w Q j y j r
Gi
f  - s m  k ^ «  ^ o o s  lc+? ,—  -i—  l  a *  +  x
sinh lit
V
( 1  + e2i@)
Q%p.AT
<oOcosh2*@*sin^k - isinh.2^0©oos^k
. . .  “  ~   d'X -  1s i nhri % (
a  ( .
K e
- H Q
Using integrals previously quoted the first square bracket
becomes e - k 2 r ^ e ‘“2 i ®
1  + cosh k 
and the second bracket to 
giving
(d + re”
^-k ^2 i0
2 r
1 PGi 
8 « D  =
7 ‘
TC
oos29 + cosh k r + de' ■ i©
K er ( l  + e"*2 ^ )  ____________
(d  + r e ^ ® ) ^  (r  + de"*i@)
6  © 3 1 a
D i r e c t  a p p r o a c h  t o  t h e  s e m i - i n f i n i t e  p l a t e  p r o b l e m
Suitable complex potentials are to be
found in the previous reference to the
work of AoC 0Stevenson Pg 156 equn<>ll*39,
These involve the complex potentials
%
6 01 which correspond to the oouple Gr 
and others required to clear the 
boundary of stress. These latter are ?
J l  ( 2  ) = 2l io ( z )  ~ — ~ I logz + ~  |
it  L  *  7 . 1TC Z,
Using 2.15 the stresses corresponding are
2 iG
n
JL +
. %■
z o- a  >
re- >
Z
now z = z + d = re i @ + d
~ + ^  + Srdcos©
— z^ + -2 i(r sin2 0  + 2 rdsin@)
so that _re i 4 G rsinQ(d + roosQ)
®  n (rv + d°"+ 2 rdcos©)°'
6.32
6 033
2 l ' =  - z ( - 2 i G ) ( _ 2 )  ^ z  2 i G (  1
n
+ 2 d
JjJ1 „ iG z (2z, + z %) 
~ n z z $
and when z = re i © z{ = re“i9- d z?= re i 9  + d
1 j iG de”2i9~ r(2e _
Ci  n ” ""(re- 1 0  + d )*
x© , _«3i©+ e
6 034
It will be seen that these results agree with those obtained 
from the general solution 6.28 and 60310
J l
A l s o  8 ^ D  «  K J I {  z )  -  Z ( J l {  z )  -  u / ( z )
w h e r e  D  =  u  +  i v  i s  t h e  c o m p l e x  d i s p l a c e m e n t  c o m b i n a t i o n  i n  
c a r t e s i a n  c o o r d i n a t e s ®
^ mD '=  Uf + iU e = e " i 0 ( 8 /D )  
f r o m  t h e  c o m p l e x  p o t e n t i a l s  6 . 3 2
8juD »
8 / D
_  2 i G &  2 i G z . j z A  +  
—
Tt 2 *  * - r i
_  2 i G■— «s» .. I i  2 i G  — • + ------
z
♦rt*
+  Z
71 r i  *
*31'
<
=  e “ i 0 . 8 / t D »  r e ? i 2 .
71
I i e - i ®
r i
1
z.
s  ~ 2 i G  K e
•2 i @
K r  +  d e >i©
71
-  +
2
2 i G  r ( l  +  e ~ 2 1 9 )
71 ( d  + r e " 1 9 ) 7
I t  w i l l  b e  s e e n  t h a t  t h i s  r e s u l t  a g r e e s  w i t h  6 , 3 1 a
T a
C H A P T E R  V I I
I s o l a t e d  P o r c e  N u c l e u s  e t  z  =  d  ( r e a l )  w i t h  s t r e s s  f r e e  
B o u n d a r i e s .
P o r  a n .  i s o l a t e d  f o r c e  n u c l e u s  W a t  
z  =  d  t h e  c o m p l e x  p o t e n t i a l s  a r e  
k n o w n  t o  h e
   * " ’"'l‘o o W
w h e r e  K  ~  3 - 4 cT<
< A ( Y  = 7 7 i 7 K ) l o e z .
W e© *)  = - A 4  z . l o 6 z ,n (  1+  K)
a n d
7  . 1
i i i  j
( r e f , 2  p g . > 1 5 4 )
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